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Abstract
We study classically splitting of two kinds of folded string solutions in
AdS4×CP
3. Conserved charges of the produced fragments are computed
for each case. We find interesting patterns among these conserved charges.
1 Introductions
Quantization of string theory in AdS5×S5 background is very important for the
study of AdS5/CFT4 correspondence [1, 2, 3]. In spite of many efforts [4, 5, 6],
this is still very challenging even for free strings, due to the existence of the
Ramond-Ramond fluxes. This difficulty led people to study Penrose limit of this
background [7] and semi-classical string solutions [8] inside it. Largely inspired
by these studies, people found remarkable integrable structure in the planar
limit [9, 10] (for a collection of reviews, see [11]). With integrability at hand,
people can compute many non-trivial quantities. Cusp anomalous dimension
at arbitrary coupling [12] and scattering amplitudes at strong coupling [13] are
two important examples of these quantities. Later this integrable structure was
also found [14, 15, 16, 17, 18, 19, 20] in AdS4/CFT3 correspondence [21]. The
latter correspondence states that type IIA string theory in AdS4×CP3 is dual to
certain three-dimensional N = 6 Chern-Simons-matter theory with gauge group
U(N)×U(N) and Chern-Simons levels (k,−k). For reviews on integrability in
this correspondence, see [22, 23].
Planar approximation in the gauge theory is dual to free approximation in
the string theory side. Studying the interaction of strings in these nontrivial
backgrounds is quite attracting and difficult. A single closed string can split into
two because of interactions. One necessary condition for the splitting is that
there are two points in the string which have the same positions and velocities.
Folded strings satisfy this condition in a very simple manner. The splitting
∗Email: wujb@ihep.ac.cn
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in flat spacetime can be studied at the full quantum level [24]. However in
backgrounds like AdS5 × S5, currently we can only study the splitting at the
classical level [25, 26, 27]. The splitting of strings in AdS5 × S5 was studied
in the gauge theory side in [25, 28]. People hope that studies of the splitting
will help us to improve our understanding about the interactions of strings in
these non-trivial backgrounds and the behaviors of non-planar corrections in
the gauge theory side [29, 30] ( for related review, please see [31]) 1.
Among other classical string solutions, two folded strings in AdS4 × CP3
background were found in [36]. In this paper, we will study the splitting of
these two strings. We compute their energy and the conserved charges from the
isometry group SU(4) of the CP3 part of the background geometry, both be-
fore 2 and after the splitting. Some quite interesting patterns for these charges
emerge for both folded strings. For the first folded string, we find that the gen-
erators giving nonzero charges all belong to an SU(3) subgroup of SU(4). For
the second folded string, we find that the conserved has the same form as the
charges given in [25] for splitting string in AdS5×S5. The latter pattern can be
thought as the extension of the similarity between the charges before the split-
ting already noticed in [36]. These similarities are quite interesting since there
are many differences between AdS5/CFT4 and AdS4/CFT3 correspondences on
both string theory side and gauge theory side. The study here on the concrete
examples should be complementary to more abstract approach in [27]. Some
aspects on non-planar corrections in the gauge theory side was discussed in [37].
This paper is organized as follows: after discussing the Noether charges from
the isometry group of CP3 in the next section, we study the splitting of two
kinds of folded strings one by one in the following two sections. The last section
is devoted to conclusions and discussions. We list the generators of the isometry
group SU(4) of CP3 in the fundamental representation in the appendix.
2 Conserved charges
In this paper, we focus on type IIA string theory in AdS4 ×CP3 background.
The background metric is:
ds2 = R2(
1
4
ds2AdS4 + ds
2
CP3
), (1)
where ds2AdS4 is metric of AdS4 with unit radius
ds2AdS4 = − cosh2 ρdt2 + dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2), (2)
and the ds2CP 3 is Fubini-Study metric of CP
3 whose details will be given below.
The relation between R and ’t Hooft coupling λ = N/k in the gauge theory side
is:
R = 25/4pi1/2α′1/2λ1/4, (3)
1Some discussions on non-planar sector via other approaches appeared in [32, 33, 34, 35].
2The energy and the Noether charges from the Cartan generators of SU(4) before splitting
have already been computed in [36].
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The dilaton field is a constant in this background:
e2φ = 25/2piN1/2k−5/2. (4)
There are also Ramond-Ramond background fields, but they do not play any
roles in the studies here.
For the study of splitting classical string inside CP3, we would like to com-
pute the conserved charges of these strings. We start with the σ-model action:
S =
1
4piα′
∫ √−ggαβ∂αXµ∂βXνGµν . (5)
The Killing vector vµ of the target space gives a symmetry of the above action.
And the corresponding Noether current is:
jα =
1
2piα′
√−ggαβ∂βXνvµGµν . (6)
We take the conformal gauge in which gαβ is proportional to ηαβ = diag(−1, 1).
Then we have
jα =
1
2piα′
ηαβ∂βX
νvµGµν . (7)
CP
3 has isometry group SU(4). The corresponding Killing vectors were
given in [38] and more explicitly in the coordinates we will use in [39]. Let us
begin with an unit S7
4∑
i=1
|Zi|2 = 1, (8)
inside C4. First define
Ωi =
4∑
I,J=1
(Ti)
J
I Z
IZ†J (9)
with Ti generators of SU(4) in fundamental representation
3. Then the Killing
vectors of CP3 are given by
vµi = J
µν∂νΩi, (10)
where J is the Ka¨hler form of CP3. From the above, we can get that
j0i = −
1
2piα′
∂0XµJ
µν∂νΩi. (11)
Now we choose a explicit system of coordinates for CP3. We begin with the
following parameterization of S7:
Z1 = cos ξ cos
θ1
2
exp[i(y +
ψ + ϕ1
2
)], (12)
3They are listed in Appendix A.
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Z2 = cos ξ sin
θ1
2
exp[i(y +
ψ − ϕ1
2
)], (13)
Z3 = sin ξ cos
θ2
2
exp[i(y +
−ψ + ϕ2
2
)], (14)
Z4 = sin ξ sin
θ2
2
exp[i(y +
−ψ − ϕ2
2
)], (15)
where 0 ≤ ξ < pi2 , 0 ≤ y < 2pi,−pi ≤ ψ < pi, 0 ≤ θi ≤ pi, 0 ≤ ϕi < 2pi. Now the
induced metric on S7 can be written as a U(1) fiber over CP 3:
ds2S7 = ds
2
CP 3 + (dy +A)
2. (16)
Here A is a one-form, and the metric on CP3 is:
ds2
CP3
= dξ2 + cos2 ξ sin2 ξ(dψ +
1
2
cos θ1dϕ1 − 1
2
cos θ2dϕ2)
2 +
1
4
cos2 ξ(dθ21 + sin
2 θ1dϕ
2
1) +
1
4
sin2 ξ(dθ22 + sin
2 θ2dϕ
2
2). (17)
The Ka¨hler form in this coordinate is 4:
J = −1
2
sin ξ cos ξdξ ∧ (2dψ + cos θ1dϕ1 − cos θ2dϕ2)− 1
4
cos2 ξ sin θ1dθ1 ∧ dϕ1
−1
4
sin2 ξ sin θ2dθ2 ∧ dϕ2. (18)
For the solutions consider in this paper, the τ -dependent coordinates of CP3
are:
ψ = ω1τ, ϕ1 = ω2τ, ϕ2 = ω3τ, (19)
then
j0i = −
R2
2piα′
(ω1J
ν
ψ ∂νΩi + ω2J
ν
ϕ1 ∂νΩi + ω3J
ν
ϕ2 ∂νΩi) (20)
= −
√
λ˜
2pi
(ω1J
ν
ψ ∂νΩi + ω2J
ν
ϕ1 ∂νΩi + ω3J
ν
ϕ2 ∂νΩi), (21)
where in the last line eq. (3) is used and we have defined that
λ˜ ≡ 32pi2λ. (22)
3 Splitting of Folded String I
The first folded string solution we will study has the following configuration
[36]:
t = κτ, ρ = 0, θ1 = θ2 = 0, (23)
ψ = ω1τ, ϕ1 = ω2τ, ϕ2 = ω3τ, (24)
4We choose the normalization of J such that JµνJ
ν
ρ
= −δµρ .
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with ξ = ξ(σ) being the only nontrivial function of σ. When σ increases from
0 to pi, ξ increases from −ξ0 to ξ0 5. While when σ increases from pi to 2pi, ξ
decreases from ξ0 to −ξ0. The Virasoro constraints gives:
κ2
4
= ξ′2 +
sin2 2ξ
4
ω˜2. (25)
where ω˜ = ω1 + (ω2 − ω3)/2 (we assume ω˜ is positive in the remaining part of
this section). When ξ = ξ0, we have ξ
′ = 0, then we get κ2 = sin2 2ξ0ω˜
2. From
this we have
ξ′2 =
ω˜2
4
(sin2 2ξ0 − sin2 2ξ). (26)
Then we have
2pi = 4
∫ ξ0
0
2dξ
ω˜
√
sin2 2ξ0 − sin2 2ξ
, (27)
which gives 6
ω˜ =
2
pi
K(q) (28)
with q = sin2 2ξ0.
Now we compute the conserved charges of this string before splitting. The
energy is related to translation along t direction insider AdS4 and is give by:
E =
1
4
cosh2 ρ
√
λ˜κ. (29)
For this solution, the energy becomes:
E =
√
λ˜
4
κ =
√
λ˜
4
ω˜ sin 2ξ0 =
√
λ˜
2pi
sin 2ξ0K(q). (30)
The other Noether charges can be computed from the currents given in the
previous section
Qi =
∫ 2pi
0
j0i dσ. (31)
We find that all charges corresponding to non-Cartan generators vanish. This
means that the solution is in highest weight representation of the isometry group
of the background [40].
For Killing vectors corresponding to Cartan generators, we have
v3 = −4∂ϕ1, v8 =
1√
3
(−4∂ψ + 4∂ϕ2), v15 = −
1√
6
(4∂ψ + 8∂ϕ2), (32)
5Here when ξ < 0, we change the coordinates ξ, ϕ2 into −ξ, ϕ2 + 2pi.
6We use E(q), K(q) to denote the elliptic integrals of first kind and second kind, respec-
tively. And we use E(q, x) and F (q, x) to denote the corresponding incomplete elliptic integral.
Our convention is that E(q, pi/2) = E(q), F (q, pi/2) = K(q).
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The corresponding Noether charges are:
Q3 =
√
λ˜
pi
(K(q)− E(q)), (33)
Q8 =
√
3Q3, (34)
Q15 = 0. (35)
Now assume that this folded string splits at σ = a ∈ (0, pi) and becomes two
closed string. The first fragment corresponds to σ ∈ [0, a] ∪ [2pi − a, 2pi] while
the second fragment corresponds to σ ∈ [a, 2pi−a]. We denote ξ(a) by ξ1. From
eq. (26) The relation between ξ1 and a is:
ω˜a
2
=
∫ ξ1
−ξ0
dξ√
sin2 2ξ0 − sin2 2ξ
, (36)
which gives:
a =
1
ω˜
(K(q) + F (q, x1)), (37)
with
x1 = sin
−1
(
sin 2ξ1
sin 2ξ0
)
(38)
The energy of the first fragment is:
EI =
a
pi
E =
a
√
λ˜
2pi2
sin 2ξ0K(q). (39)
The other Noether charges for the first fragment is:
QIi = 2
∫ a
0
j0i dσ. (40)
By some computations, we find that the Noether charges corresponding to the
Cartan generators are:
QI3 =
√
λ˜
2pi
(K(q)− E(q) + F (q, x1)− E(q, x1)), (41)
QI8 =
√
3QI3, (42)
QI15 = 0. (43)
The non-vanishing Noether charges corresponding to the non-Cartan generators
are:
QI4 =
ω˜
√
λ˜
2pi
cos
(
1
2
(ω2 − ω3 + 2ω1)τ
)√
q − sin2 2ξ1 (44)
QI5 =
ω˜
√
λ˜
2pi
sin
(
1
2
(ω2 − ω3 + 2ω1)τ
)√
q − sin2 2ξ1. (45)
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Without loss of generality, we can choose the time of splitting to be τ = 0, then
using eq. (19), we get:
QI4 =
ω˜
√
λ˜
2pi
√
q − sin2 2ξ1, (46)
QI5 = 0. (47)
For the charges of the second fragment we have EII = E − EI and QIIi =
Qi − QIi , i = 1, · · · , 15. From eqs. (37, 39, 41, 46) we can get relations among
EI , QI3 and Q
I
4. We notice that the non-vanishing charges belong to the set
QIi , i = 1, · · · , 8, with the corresponding generators generate a SU(3) subgroup
of SU(4).
4 Splitting of folded string II
The configuration of another folded string in [36] is:
t = κτ, ξ = pi/4, θ1(σ) = ±θ2(σ), (48)
ψ = ω1τ, ϕ1 = ω2τ, ϕ2 = ω3τ, (49)
with ω2 = −ω3, ω1 6= 0. Without losing generality, we assume that ω1 > 0, ω2 <
0, then the folded string is around θ1 = 0. When σ increases from 0 to pi, θ1
increases from −θ01 to θ01 7. While when σ increases from pi to 2pi, θ1 decreases
from θ01 to −θ01. From the Virasoro constraint, we get:
θ′21 = 2ω1ω2(cos θ
0
1 − cos θ1), (50)
and
κ2 = ω21 + ω
2
2 + 2ω1ω2 cos θ
0
1 . (51)
From
2pi =
∫ 2pi
0
dσ =
2√−2ω1ω2
∫ θ1(0)
0
dθ1√
cos θ1 − cos θ01
, (52)
we get √−ω1ω2 = 2
pi
K(x), (53)
with x = sin2
θ0
1
2 .
The energy of this folded string is:
E =
1
4
√
λ˜κ. (54)
7Here, as in section 3, when θ1 < 0, we change the coordinates θ1, θ2, ψ, ϕ1, ϕ2 into
−θ1,−θ2, ψ + pi, ϕ1 − pi, ϕ2 + pi. We thank the referee for suggestions on this footnote and
footnote 5.
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As in last section, the conserved charges corresponding to the non-Cartan gen-
erators vanish before the splitting of the string. As for the ones for the Cartan
generators we have:
Q3 = −4Qϕ1, (55)
Q8 =
1√
3
(−4Qψ + 4Qϕ2), (56)
Q15 = − 1√
6
(4Qψ + 8Qϕ2). (57)
Now for this solution, we have [36]:
Qψ = −
√
λ˜
2pi
√−ω1ω2 ((ω1 − ω2)K(x) + 2ω2E(x)) , (58)
Qϕ1 = −
√
λ˜
4pi
√−ω1ω2 ((ω2 − ω1)K(x) + 2ω1E(x)) , (59)
Qϕ2 = −Qϕ1 . (60)
These charges satisfy the following relations:
ω1
2
Qψ − ω2Qϕ1 = −
√
λ˜
8
(ω21 − ω22), (61)
(
E
K(x)
)2
−
(
Qψ + 2Qϕ1
E(x)
)2
=
4λ˜x
pi2
, (62)
(
Qψ − 2Qϕ1
E(x) −K(x)
)2
−
(
Qψ + 2Qϕ1
E(x)
)2
=
4λ˜
pi2
. (63)
As already pointed out in [36], these relations are similar to the ones in [41].
We will see that such kind of similarity appears after splitting as well.
As in previous section, we assume that this folded string splits at σ = a ∈
(0, pi) and becomes two closed string. The first fragment corresponds to σ ∈
[0, a] ∪ [2pi − a, 2pi] while the second fragment corresponds to σ ∈ [a, 2pi − a].
And we denote θ1(a) by θ
1
1 . We can get the relation between a and θ
1
1 as:
a =
K(x) + F (x, x˜)√−ω1ω2 , (64)
with
x˜ = sin−1
sin
θ1
1
2
sin
θ0
1
2
. (65)
The energy of the first fragment is:
EI =
a
pi
E. (66)
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As for the charges corresponding to the Cartan generators, we have:
QI3 = −4QIϕ1, (67)
QI8 =
1√
3
(−4QIψ + 4QIϕ2), (68)
QI15 = −
1√
6
(4QIψ + 8Q
I
ϕ2), (69)
with
QIψ = −
√
λ˜
4pi
√−ω1ω2 ((ω1 − ω2)(K(x) + F (x, x˜))
+2ω2(E(x) + E(x, x˜)) , (70)
QIϕ1 = −
√
λ˜
8pi
√−ω1ω2 ((ω2 − ω1)(K(x) + F (x, x˜))
+2ω1(E(x) + E(x, x˜))) , (71)
QIϕ2 = −QIϕ1 . (72)
The nonzero charges for non-Cartan generators are:
QI1 = −
2
√
λ˜
pi
ω1√−ω1ω2 cos(ω2τ)
√
sin2
θ01
2
− sin2 θ
1
1
2
, (73)
QI2 = −
2
√
λ˜
pi
ω1√−ω1ω2 sin(ω2τ)
√
sin2
θ01
2
− sin2 θ
1
1
2
, (74)
QI6 =
2
√
λ˜
pi
ω2√−ω1ω2 cos
(
1
2
(ω2 + ω3 − 2ω1)τ
)√
sin2
θ01
2
− sin2 θ
1
1
2
, (75)
QI7 = −
2
√
λ˜
pi
ω2√−ω1ω2 sin
(
1
2
(ω2 + ω3 − 2ω1)τ
)√
sin2
θ01
2
− sin2 θ
1
1
2
,(76)
QI9 = ±
2
√
λ˜
pi
ω2√−ω1ω2 cos
(
1
2
(ω2 + ω3 + 2ω1)τ
)√
sin2
θ01
2
− sin2 θ
1
1
2
,(77)
QI10 = ±
2
√
λ˜
pi
ω2√−ω1ω2 sin
(
1
2
(ω2 + ω3 + 2ω1)τ
)√
sin2
θ01
2
− sin2 θ
1
1
2
,(78)
the signs in the last two equations correlate with the sign in θ1 = ±θ2.
If we set the time of the splitting to be τ = 0, we get:
QI1 = −
2
√
λ˜
pi
ω1√−ω1ω2
√
sin2
θ01
2
− sin2 θ
1
1
2
, (79)
QI2 = 0, (80)
QI6 =
2
√
λ˜
pi
ω2√−ω1ω2
√
sin2
θ01
2
− sin2 θ
1
1
2
, (81)
QI7 = 0, (82)
QI9 = ±QI6, (83)
QI10 = 0. (84)
For the charges of the second fragment we still have EII = E − EI and
QIIi = Qi −QIi , i = 1, · · · , 15.
Now we notice that, interestingly, the results in eq. (64) and the results for
EI , QIψ, Q
I
ϕ1, Q
I
1, Q
I
6 have the same forms as the results for conversed charges in
[25] after suitably identifying some quantities here with some linear combina-
tions of quantities there. Because of this relation, one can use the discussions
in [25] to get similar relations among these conserved charges before and after
the splitting for the current case.
5 Conclusions
We study the splitting of one closed folded string in AdS4 × CP3 into two
for two cases at the classical level. We pay main attention to the conserved
charges after the splitting. In each cases, we find interesting pattern among
these conserved charges. For the first case, we find that the generators of the
isometry group SU(4) which lead to the non-vanishing Noether charges are in
an SU(3) subgroup of SU(4). For the second case, the charges have the same
forms as the ones in [25] for splitting of strings in AdS5 × S5. It will be quite
interesting to study reasons behind these patterns from both string theory and
gauge theory sides.
The study here can be generalized into folded strings rotating in AdS4 and
CP
3 at the same time following [26]. It will be also interesting to study the
higher conserved charges from the integrable structure of the strings, using the
methods in [42, 43, 44, 45]. We hope to address these issues in the future.
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A The generators of SU(4)
Now we list the generators of SU(4) in fundamental representation used in [39]
to compute the Killing vectors:
T1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , T2 =


0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 , T3 =


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

 ,
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T4 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , T5 =


0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0

 , T6 =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 ,
T7 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 , T8 = 1√3


1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0

 , T9 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 ,
T10 =


0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0

 , T11 =


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

 , T12 =


0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0

 ,
T13 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 , T14 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 , T15 = 1√6


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

 .
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